A submodule N of a module M is called d-closed if M/N has a zero socle. D-closed submodules are similar concept to s-closed submodules, which are defined through nonsingular modules by Goodearl. In this article we deal with modules with the property that all d-closed submodules are direct summands (respectively, closed, pure). The structure of a ring over which d-closed submodules of every module are direct summand (respectively, closed, pure) is studied.
introduction
Throughout we shall assume that all rings are associative with identity and all modules are unitary right modules. Let R be a ring and let M be an R-module. A (proper) submodule N of M will be denoted by (N M ) N ≤ M . By E(M ), Rad(M ) and Soc(M ) we shall denote the injective hull, the Jacobson radical, and the socle of M as usual. For undefined notions used in the text, we refer the reader to [2, 11] .
A submodule N of a module M is essential (or large) in M , denoted N ¢ M , if for every 0 = K ≤ M , we have N ∩ K = 0; and N is said to be closed in M if N has no proper essential extension in M . We also say in this case that N is a closed submodule. Recall that a module is said to be extending or CS or said to satisfy the C 1 condition if every submodule is essential in a direct summand. Equivalently, every closed (complement) submodule is a direct summand (see, [6] ). Extending modules and closed submodules play an important role in rings and modules, and relative homological algebra. See, for example, [6] for their properties. Several generalizations of extending notion and closed submodules have been studied extensively by many authors (see, for example, [1, 4, [7] [8] [9] 14] ).
In [10] , Goodearl, through Goldie's torsion-free class, defined an s-closed submodule of a module M is a submodule N for which M/N is nonsingular. As a proper generalization of extending modules, Tercan introduced the concept of CLS-modules. Following [20] , a module M is called a CLS-module if every s-closed submodule of M is a direct summand of M . CLS-modules are recently studied in [4, 14, 21] .
The purpose of the present paper is to introduce and study D-extending modules. Inspired by [10] , a submodule N of a module M is called d-closed submodule of M if M/N is in Dickson's torsion-free class i.e. Soc(M/N ) = 0. We define a D-extending module by the property that every d-closed submodule is a direct summand. We study these modules, generalizing several results both on CLS-modules and CS-modules. It is shown that a ring R is a right C-ring if and only if every injective module is D-extending if and only if every d-closed submodule (of any module) is closed submodule; an R-module M is D-extending if and only if M is a C-module and there exists a submodule M of M such that M = τ D (M ) ⊕ M and M is a CS module, where τ D (M ) is the largest semiartinian submodule of M . Moreover, we proved that every module M with Soc(M ) = 0 is projective if and only if every module is D-extending. We define, as a generalization of Σ-CS ring, Σ-D-extending ring by the property that every module is D-extending. We show that a commutative ring R is a Σ-D-extending ring if and only if R is a semiartinian ring. Finally, we show that, over a commutative Noetherian ring R, every D-closed submodule is pure if and only if R ∼ = A × B, wherein A is artinian ring and B is hereditary.
Goldie's and Dickson's Torsion Theories
Dickson carried the notion of torsion in abelian groups to abelian categories, and he defined in [5] a torsion theory τ on Mod-R to be a pair τ = (T, F) of classes of R-modules is called torsion theory if the following three conditions hold: 
Let τ G be the torsion theory generated by the class of singular modules. Then τ G is a hereditary torsion theory, called the Goldie's torsion theory. Its torsion and torsionfree classes are respectively the class of Goldie torsion modules and the class of nonsingular modules.
A module A is called semiartinian if every non-zero homomorphic image of A contains a simple submodule. Let τ D be the torsion theory generated by the class of semisimple (or even simple) modules. Then τ D is a hereditary torsion theory, called the Dickson's torsion theory. Its torsion and torsionfree classes are respectively the class of semiartinian modules and the class of modules which has zero socle. For further information about torsion theories we refer the interested readers to [2, 11] 
D-extending Modules
We begin with the definitions of the main concepts of the paper. 
Then, by construction M/S has zero socle. M is semiartinian if and only if S = M (see, for example, [6] ). Example 3.4. We give an example for a CS-module that fails to be D-extending. Let R be the ring of all linear transformations (written on the left) of an infinite dimensional vector space over a division ring. Then R is prime, regular, right self-injective and Soc(R R ) = 0 by [12, Theorem 9.12]. As R is a prime ring,
. Therefore R is not a D-extending. Also, as R is right self injective R n is injective, and so extending for every n ≥ 1. A module M is called weakly-flat if if the kernel of any epimorphism L → M is closed in the module L. Equivalently, every short exact sequence ending with M is closed exact sequence. Weakly-flat modules have been studied in [22] . Every nonsingular module is weakly-flat, and the converse is true if R is a right nonsingular ring by [19, Lemma 2.3 ]. The following is immediate consequence of Theorem 3.5. Proof. Suppose M = K ⊕ K for some submodules K and K of M . Let L be a d-closed
Then L ⊕ K is a direct summand of M which implies that L is a direct summand of K. It follows that K is a D-extending module.
Inspired from Theorem 3.5, we will call a right module M is a C-module if every dclosed submodule of M is closed. It is easy to see that every right module is a C-module if and only if R is a right C-ring. The following result can be easily proved by the following similar proof of [20, Theorem 9] .
Let n be a positive integer and let M 1 , M 2 , M 3 , . . . , M n be right R-modules. Then these modules are called relatively injective if M i is M j injective for all 1 ≤ i = j ≤ n, see [13] . We have the similar result of [13, Theorem 5] for the finite direct sums of D-extending modules by Theorem 3.16 and Proposition 3.10. Oshiro [16] called a ring R a right co-H ring (in honor of Harada) if every projective module is extending. co-H rings are also called as Σ-CS rings (see [6] (1) R is Σ-D-extending ring.
(2) R is semiartinian ring.
Proof. 
